On distinct unit fractions whose sum equals 1  by Burshtein, Nechemia
0 DISCRETE MATHEMATICS 5 (1973) 201-206. North-Holland Publishing Company 
ON DISTINCT UNIT IFRACTIONS WHOSE SUM EQUALS 1 
Nechemia BURSI-ITEIN 
Depmtment of Mathematical Wences, a Tel Aviv University, Tel Aviv, Israel 
Received 11 August 1’472* 
Abstract. It is shown: (i) there exfst distinct odd naturals, the sum of whose reciprocals is aqua1 
to 1, (ii) there exist distinct naturals, such that no two divide each other and the sum of their 
reciprocals i  eqUit1 to 1. 
1. Introduction 
The Diophantine quation 
!U -+-+...+- =Q 1 1 1 
Xl x2 xk b 
has often been mentioned in the literature (see for ex. [ 31). 
There is a connection between equation (1) and the concept of cover- 
ing systems (abbreviated CS) and exactly covering systems (abbreviated 
ECS) of congruences (for definitions see Section 2). Namely, it is well- 
known [ 5; 6 ] that condition (1) with a > $3 (a = b) is necessary for the 
numbers x1, .x2$ ._., Xk to be the moduli of a CS (ECS). 
Various questions, few of which were answered, have been raised on 
the possibility to determine numbers x1, x2, . . . , xk being .the moduli of 
a CS (ECS) and also satisfytig some additional conditions (see Section 3) 
such as all being odd or no two of them dividing one another. 
In this paper, similar questions, in partice\lar those concerning the 
above two conditions, are asked on numbers x1, x2, ._, xk under the 
weaker assumption that they satisfy equation (1). Positive answers are 
given in the case a = b if x1 < x2 < .*. < Xk . The solutions are obtained 
without the use of a computer; 
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2. Defkitions and notation 
The concept of covering systems of congruences (in short, covering 
systems) was introduced in [ 51. 
A covering system is a set of ordered pairs of integers (ai, mi), 
i = 1,2, . . . . k, ai 2 0, mi > 1 and 
(2) mi + lyzi fori# j, 
such that every integer satisfies at /east one of the congruences x z qi 
(mod mi). An exactly covering system is defined [S] similarly, but omit- 
ting conditiow (2) and requiring that every integer satisfies exactly one of 
the congruences .XG ai (mod mi). 
Deilote by ECS(2) an KS each modulus of which occurs at most 
twice. 
3. Some known problems and known results 
Erdos [ 5; 7 J posed the following questions: 
Questiolrl 1. Does there exist for each natural number n a CS whose 
min(fiIi) 2 n? 
Question 2. Does there exist a CS all of whose mo&.ui are udd? 
Another interesting question [8 ] is: 
Question 3. Does there exist a CS in which no tw:, moduli divide each 
other? 
Selfridge constructed aCS whose min(nri) = 18, but t>e three ques- 
tions are as yet unsolved. 
The three analogous questions on the moduli of an ECS(2) are dis- 
cussed in [ 2] . The result obtained there for the corresponding question 
1 is rather similar to Selfridge’s result in the CS case, namely an ECS(2) 
with min(mi) = 21. The answer to the corresponding Questions 2 and 3 
is negative. 
It is already known [4] that: For each natural number vt there exist 
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naturals x1 < x2 -< . . , < xk(,,) satisfying equation (1) with a = b, such 
that x1 1 n. This settles the application of Question 1 tc equation (1) 
under the assumption of Section 1. Questions 2 and 3 will be the subject 
matter of the next section. 
4. New questions and some new rtdts 
Consider 
B 1 1 - +-+....+r= 1, 
x1 x2 k 
where x1 < x2 < . . . <:I xk. 
Question 4. Do there exist odld natura.lsxl < x2 < . . . < xk, the sum of 
whose reciprocals is equal to 1 ? 
If there exist such numbers, then they must be divisors of an odd 
abundant number. The least odd sbundant number is 945 (see [ lo] ) 
a;lnd the affirmative answer is thus contained in E::rample 1. 
Example 1. The different numbers 
(3,5,7:, 9,B5,21,27,35,63, 105,135) 
are divisors of 945 and the sum of their reciprocals is equal to 1. 
We ahol possess an e~;tmplr: of odd natclrals 5 =: x1 < x2 < . . . < ~5 1, 
the sum of whosti reciprocals is equal to P . This suggests he following 
qu&on : 
Qwstion 5. Do there exist for each odd natural number pz, odd naturals 
X 11 < X2 < . . . < xk@) 9 the sum of whose 
x:1 =Fz? 
reciprocals b$eing 1, such that 
The next question was independently raised by ‘ihe author [ 1 ] and. 
Graham [9]. Erdos offered a reward of $lOforananswer[l]. 
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Question 6. Do there exist naturals x1 < x2 < *.. < .xk, the sum of their 
reciprocals being 1, such that xi’ ,/’ xj for i + j? 
This question presents amuch greater difficulty than Question 4. It turns 
out, that the answer is also positive as shown by Example 2. 
Example 2. The seventy nine different numbers contained in (a), (b) and 
(c) 
(a) 6 10 14 15 21 22 33 35 55 77 
(b) 26 39 65 91 
34 51 119 187 
38 57 95 133 
58 145 319 
62 ‘93 155 
82 123 287 
106 159 265 583 
118 295 413 
122 183 671 
213 355 497 
309 515 1133 
226 791 12843 
835 1169 1837 
1329 2215 3101 4873 
1438 3595 5033 7909 
5854 8781 14635 20489 32197 
w 141 188 235 
332 415 581 
267 356 979 
1167 1556 1945 2723 
have the following two properties: 
(i) no one divides any other, 
(ii) the sum of their reciprocals is equal to 1. 
Clearly this is easy to verify by means of a computer, but it can also 
be 3one dlirectly by observing the following. Consider the sets of num- 
bers: 
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s = {2,3,5,7,13 ) , 
iw={13,17,19,29,31,41,53,59,61,71,1O3,113,?67,443,~l9,29275, 
u= {3,4,5,7,11), 
V = (47,83,89,389}. 
The numbers in (a) are all the products of two different factors from 
S. The numbers in (b) and (c) are elements of S X T and U X V, respect- 
ively. 
Since S, T, V are disjoint sets of primes and due to the form just de- 
scribed of the numbers in (a), (b) and (c), it is clearly seen that property 
(i) holds. 
For (ii) observe that: All the multiples, appearing in Example 2, of a 
certain prime p, wilere p E T U V occur in one and only one row of (b) 
or (c). Computing the sum of their reciprocals, we obtain a fraction, 
the numerator of which is also a multiple of p. After simplification!, time 
new fraction will have a denominator which is a divisor of 40 3.5.7.11. 
This enables us to carry out the summation without a computer. 
Remark 1. Qbserve that if the numbers xi for i = 1,2, . . . , k satisf’y tlze 
assumptions of Question 6, then none of the I’i’s can be a power of a 
prime. 
Concluding remark The answer to Questions 4 and 6 is positive whereas 
the corresponding questions in the ECS(2) case are negative as shown in 
[2J. 
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